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TORSION NORMAL GENERATORS
OF THE MAPPING CLASS GROUP
OF A NON-ORIENTABLE SURFACE
MARTA LES´NIAK
Abstract. We show that the normal closure of any periodic ele-
ment of the mapping class group of a non-orientable surface whose
order is greater than 2 contains the commutator subgroup, which
for g ≥ 7 is equal to the twist subgroup, and provide necessary
and sufficient conditions for the normal closures of involutions to
contain the twist subgroup. Finally, we provide a criterion for a
periodic element to normally generateM(Ng) and give examples.
1. Introduction
In [13], Lanier and Margalit provided a comprehensive look at the
normal closures of elements of the mapping class group of an orientable
surface. This paper aims to provide analogous results for periodic ele-
ments of a mapping class group of a non-orientable surface.
It is known that the mapping class group of a closed surface is gen-
erated by elements of finite order. This fact was first proved for an
orientable surface by Maclachlan [19], who used the result in his proof
of simple connectivity of the moduli space of Riemann surfaces. Since
then many papers have been devoted to torsion generators of map-
ping class groups. For a closed orientable surface Sg of genus g ≥ 3,
McCarthy-Papadopoulos [18] and Korkmaz [12] found examples of an
element f ∈ M(Sg) of finite order (2 and 4g + 2, respectively) whose
normal closure in M(Sg) is the entire group. We say that such an f
normally generates M(Sg). The result of Lanier and Margalit is that
any non-trivial periodic mapping class other than the hyperelliptic in-
volution is a normal generator of M(Sg).
In the case of a closed non-orientable surface Ng it is known thatM(Ng) is generated by involutions [22]. The author of this paper
together with Szepietowski [14] have recently proved that M(Ng) is
normally generated by one element of infinite order for g ≥ 7.
While in the orientable case the mapping class group is generated by
Dehn twists as shown by Dehn and Lickorish [16], in the non-orientable
Supported by National Science Centre, Poland, grant 2015/17/B/ST1/03235.
1
ar
X
iv
:1
90
3.
10
28
5v
1 
 [m
ath
.G
T]
  2
5 M
ar 
20
19
2 MARTA LES´NIAK
case Dehn twists generate a subgroup of index 2 known as the twist
subgroup T (Ng) [15]. Similarly, where in the orientable case the com-
mutator subgroup of the mapping class group M(Sg) is equal to the
entire group for g ≥ 3 [20], in our case the commutator subgroup ofM(Ng) is equal to the twist subgroup for g ≥ 7 [11]. If we use methods
similar to the ones employed in [13], the question we answer is whether
the normal closure of a given element contains the twist subgroup of Ng.
If the answer is positive, this still leaves two possibilities: the normal
closure can be either the twist subgroup itself or the entire mapping
class group. We learn to distinguish between these cases and indicate
several finite order normal generators of M(Ng).
Another difference between the orientable and non-orientable cases is
the abundance of involutions, that is, elements of order 2. Orientation-
preserving involutions with fixed points on a given orientable surface
form a 1-parameter family and are determined up to conjugacy by the
genus of the quotient orbifold [6]. On the contrary, involutions on
non-orientable surfaces are determined by up to six invariants [6] and
we look closely at each case to formulate the sufficient and necessary
conditions for their normal closures to contain the twist subgroup.
With that in mind, it is no surprise that our results come in two
main cases: for periodic mapping classes of order greater than 2 and
for involutions. But before we move onto the main results, a few words
about notation.
Any periodic mapping class f ∈M(Ng) is represented by a homeo-
morphism whose order is equal to that of f ; this was proved by Ker-
ckhoff [10] in the orientable case and in the non-orientable case by
applying double covering by an orientable surface (see the last two
paragraphs of Section IV, page 256, in [10]). Moreover, this homeomor-
phism can be chosen to be an isometry with respect to some hyperbolic
metric on Ng and is unique up to conjugacy in the group of homeo-
morphisms of Ng. We refer to any such representative as a standard
representative of f and denote it by φ.
The set of fixed points of φ consists of isolated fixed points and point-
wise-fixed simple closed curves we will refer to as ovals. Note that ovals
appear only in the case of involutions; elements of greater finite order
only have isolated fixed points. Let r denote the cardinality of the set
of isolated fixed points of φ, k – the cardinality of the set of ovals, k+
– two-sided ovals and k− – one-sided ovals.
Now we are ready to formulate the main results.
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Theorem 1.1. Let g ≥ 5 and let f be a periodic element of M(Ng) of
order greater than 2. The normal closure of f contains the commutator
subgroup of M(Ng).
Corollary 1.2. Let g ≥ 7 and let f be a periodic element of M(Ng)
of order greater than 2. The normal closure of f is either T (Ng) orM(Ng), the latter if and only if f ∉ T (Ng).
Remark 1. Thanks to Corollary 1.2, we can give an example of a torsion
normal generator of M(Ng) for any g ≥ 7. Let us represent Ng as a
sphere with g crosscaps. If g is even, one element normally generatingM(Ng) is a rotation of order g of the sphere with g crosscaps spaced
evenly along the equator. If g is odd, one such element is a rotation
of order g − 1 of the sphere with g − 1 crosscaps spaced evenly along
the equator and one stationary crosscap at one of the poles (see Figure
1.1). By computing the determinant of the induced automorphism of
H1(Ng;R) it can be shown that these elements are not in the twist
subgroup (see Theorem 2.4 in Section 2). Details are left as an exercise
to the reader.
Figure 1.1. Torsion normal generators of M(Ng) for
even and odd g, respectively.
Remark 2. For 2 ≤ g ≤ 6 the group M(Ng) is not normally generated
by one element, because its abelianisation is not cyclic [11].
Theorem 1.3. Let g ≥ 5 and let f ∈ M(Ng) be an involution, φ its
standard representative and r, k, k−, k+ the parameters defined above.
The normal closure of f in M(Ng) contains the commutator subgroup
of M(Ng) if and only if one of the following conditions hold.
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(1) r > 0, k = 0 and g − r ≥ 4.
(2) k > 0, r + k− > 0 and either:
(a) the orbifold Ng/ ⟨φ⟩ is non-orientable, or
(b) the orbifold Ng/ ⟨φ⟩ is orientable and g − r − 2k ≥ 2.
(3) r = k− = 0 and either
(a) the set of fixed points of φ is separating and g − 2k ≥ 4, or
(b) the set of fixed points of φ is non-separating.
Theorem 1.4. For any g ≥ 7 there is an involution which normally
generates M(Ng).
Our results can be interpreted in terms of covers of the moduli space
of non-orientable Klein surfaces. A Klein surface is a surface with a
dianalytic structure [1]. Similarly as in the case of Riemann surfaces,
the moduli space Mg of Klein surfaces homeomorphic to Ng can be
defined as the orbit space of a properly discontinuous action of M(Ng)
on a Teichmu¨ller space (see [22] and references therein). The moduli
space Mg is an orbifold whose orbifold fundamental group is M(Ng),
and whose orbifold points correspond to periodic elements of M(Ng).
Since normal subgroups ofM(Ng) correspond to regular orbifold covers
of Mg, Theorem 1.1 says that any such cover of degree greater than 2
can have orbifold points only of order 2.
This paper is organised as follows: in Preliminaries we review basic
concepts about mapping class groups, in Section 3 we define standard
pairs of curves and show how they relate to the main theorems. Af-
terwards, in Section 4, we introduce the language of NEC groups in
actions of finite groups on surfaces. We use the notions introduced so
far to prove Theorem 1.1 in Section 5, first in the case when the ac-
tion of ⟨φ⟩ on Ng is free, then otherwise. In Section 6 we discuss how
to construct involutions on surfaces and use the introduced surgeries
to list all possible involutions on a surface Ng, based on the work of
Dugger [6]. Finally, in Section 7 we demonstrate how to show that the
normal closure of a map does not contain the twist subgroup using the
induced action on homology groups with coefficients in Z2 and prove
Theorems 1.3 and 1.4.
2. Preliminaries
The non-orientable surface Ng can be represented as an orientable
surface of genus l with s crosscaps, where 2l + s = g and s ≥ 1. In all
figures of this paper shaded crossed discs represent crosscaps, meaning
that the interiors of those discs are removed and antipodal points on
their boundaries identified.
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The mapping class group of the surface Ng, M(Ng), is the quotient
of the group of all self-homeomorphisms of Ng by the subgroup of self-
homeomorphisms isotopic to the identity.
A curve on a surface is a simple closed curve. By an abuse of notation
we do not distinguish a curve from its isotopy class or image. If the
regular neighbourhood of a curve is an annulus, we call it two-sided, and
if it is a Mo¨bius strip – one-sided. For c, d – two curves we take i(c, d)
to be their geometric intersection number, that is, i(c, d) = min{∣γ ∩ δ∣ ∶
γ ∈ c, δ ∈ d}.
About a two-sided curve a on Ng we define a Dehn twist Ta (the
mapping and the mapping class). Because we are working on a non-
orientable surface, the Dehn twist Ta can be one of two, depending on
which orientation of a regular neighbourhood of a we choose. Then the
Dehn twist in the opposite direction is T −1a . For any f ∈ M(Ng) we
have
fTcf
−1 = T f(c)
where  ∈ {−1,1}, again depending on which orientation of a regular
neighbourhood of f(c) we choose. The subgroup of M(Ng) generated
by all Dehn twists we call the twist subgroup and denote by T (Ng).
The following lemma is proven in [24]:
Lemma 2.1. For g ≥ 5, let c, d be two-sided simple closed curves on
Nng such that i(c, d) = 1 and let f ∶M(Ng) → G be a homomorphism.
If the elements f(Tc) and f(Td) commute in G, the image of M(Ng)
under f is abelian.
Corollary 2.2. Let c, d and f be as in the lemma above. The kernel
of f contains the commutator subgroup of M(Ng).
Theorem 2.3. [11] For g ≥ 7, [M(Ng),M(Ng)] = T (Ng). For g = 5,6[M(Ng),M(Ng)] has index 4 in M(Ng).
Now consider the action of M(Ng) on H1(Ng;R). For f ∈M(Ng)
and f∗ ∶ H1(Ng;R) → H1(Ng;R) the induced homomorphism, we de-
fine the determinant homomorphism D ∶M(Ng) → {−1,1} as D(f) =
det(f∗).
Theorem 2.4. [21] For f ∈ M(Ng), det(f∗) = 1 if and only if f ∈T (Ng).
We immediately conclude that, provided the normal closure of f inM(Ng) contains the twist subgroup, the normal closure of f is equal
to M(Ng) if and only if det(f∗) = −1. This fact allows us to look for
normal generators of M(Ng).
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3. Standard pairs of curves
The following two lemmas are adaptations of Lemmas 2.1, 2.2, 2.3
proven in [13] for orientable surfaces with minor changes in assumptions
and proofs.
Lemma 3.1. For g ≥ 5, let c and d be two-sided non-separating curves
in Ng with i(c, d) = 1. Then the normal closure of TcTd in M(Ng) is
equal to the commutator subgroup of M(Ng).
Proof. Since N ∖ c and N ∖ d are both connected and non-orientable,
there exists an element h ∈M(Ng) such that h(c) = d. Then hTch−1 =
T ±1d . Because Td is conjugate with T −1d in M(Ng) (Lemma 2.4 in [11]),
we can take h to be such that hTch−1 = T −1d . It follows that the element
TcTd = TchT −1c h−1 lies in the commutator subgroup. Since the commu-
tator subgroup is a normal subgroup, it contains the normal closure of
TcTd.
Now let H denote the normal closure of TcTd in M(Ng) and let
p ∶ M(Ng) →M(Ng)/H be the canonical projection map. It is easy
to see that p(Tc) = p(Td)−1; in particular, p(Tc) and p(Td) commute.
By Corollary 2.2 the kernel of p contains the commutator subgroup ofM(Ng). Since kerp =H, the proof is complete. 
Definition 1. Let c, d be a pair of non-separating two-sided simple
closed curves on a surface Ng. We will say that c and d form● a type 1 standard pair if i(c, d) = 1;● a type 2 standard pair if i(c, d) = 0 and the complement Ng ∖(c ∪ d) is connected and non-orientable.
Lemma 3.2. For g ≥ 5, let f ∈M(Ng). Suppose that there is a curve
c in Ng such that (c, f(c)) form a standard pair of type 1 or 2. Then
the normal closure of f in M(Ng) contains the commutator subgroup
of M(Ng).
Proof. Let Tc and Tf(c) be such that Tf(c) = fT −1c f−1.
Suppose first that c and f(c) form a type 1 standard pair. Since the
commutator [Tc, f] is equal to the product of TcfT −1c and f−1, it lies
in the normal closure of f . On the other hand, TcfT −1c f−1 is equal to
TcTf(c). Since i(c, f(c)) = 1, the lemma follows by Lemma 3.1.
Now suppose that c and f(c) form a type 2 standard pair. Then
we can find a two-sided, non-separating curve d such that i(c, d) = 1
and (d, f(c)) form a type 2 standard pair. As before, the commutator[Tc, f] is equal to TcT −1f(c) and lies in the normal closure of f . The
group M(Ng) acts transitively on type 2 standard pairs of curves,
therefore there exists a mapping class h ∈ M(Ng) such that h(c) =
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f(c) and h(f(c)) = d. We choose Td be to such that h[Tc, f]h−1 is
equal to either T −1
f(c)Td or Tf(c)T −1d . In the former case we have TcTd =(TcTf(c)) (T −1f(c)Td), and in the latter TcTd = (TcTf(c)) (Tf(c)T −1d )−1 (note
that because d and f(c) are disjoint, Td and Tf(c) commute). In both
cases TcTd lies in the normal closure of f . The lemma follows by Lemma
3.1. This completes the proof. 
Remark 3. It is easily seen that for any f ∈M(Ng) and any n ∈ N the
normal closure of fn is contained in the normal closure of f .
4. NEC groups
4.1. NEC group and its fundamental polygon. Non-euclidean
crystallographic (NEC) groups are discrete and cocompact subgroups
of the group of isometries of the hyperbolic plane, Isom(H2). They
provide a natural tool for studying finite group actions on surfaces; see
for example [3, 4, 8].
Every action of a finite group G on a surface Ng can be obtained by
means of a pair of NEC groups Γ and Λ, with Γ – a normal torsion-
free subgroup of Λ such that Ng is homeomorphic to H2/Γ and G is
isomorphic to Λ/Γ. Equivalently, there is an epimorphism θ ∶ Λ → G
with Γ = ker θ ≅ pi1(Ng).
The signature of an NEC group Λ is a collection of non-negative
integers and symbols. In our case, that is for cyclic G, the signature
has the form (h;±; [m1, ...,mr];{()k})
where
(1) the sign ± is ”+” if H2/Λ is orientable and ”−” otherwise;
(2) the integer h ≥ 0 denotes the genus of H2/Λ;
(3) the ordered set of integers m1, ...,mr(mi ≥ 2), called the proper
periods of the signature, corresponds to cone points on the orb-
ifold H2/Λ;
(4) k empty period-cycles (), ..., () correspond to boundary compo-
nents of the orbifold H2/Λ.
Remark 4. A general NEC signature can also have nonempty period
cycles [5].
If the set of periods or the set of period cycles is empty, we write the
brackets with no symbols between them. For example, the signature(g;−; [];{}) has no proper periods and no period cycles; it is the sig-
nature of the NEC group isomorphic to pi1(Ng). If we know all mi to
have the same value p, we will write [(p)r].
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The quotient orbifold can be reconstructed from the associated NEC
group by identifying the right edges of a marked polygon which is the
fundamental region P of Λ, as detailed in [17]. The marked polygon is a
plane polygon in which certain edges are related by homeomorphisms;
the edges are identified if one is the image of the other under an ele-
ment of Λ. If the first edge has vertices, in order as we read the labels
anticlockwise, P and Q, and the other has vertices R and S, the identi-
fying homeomorphism can map P on S and Q on R, pairing the edges
orientably, or map P on R and Q on S, pairing the edges nonorientably.
Two sides paired orientably will be indicated by the same letter and a
prime, for example ξ, ξ′; two sides paired nonorientably will be written
using the same letter and an asterisk, for example α,α∗. If we mark
all the egdes of the polygon accordingly and then write them in the
order in which they appear around the polygon anticlockwise, we ob-
tain the surface symbol of the polygon [17]. The marked polygon of
the signature (h;+; [m1, ...,mr];{()k})
has the surface symbol
ξ1ξ
′
1...ξrξ
′
r1γ1
′
1...kγk
′
kα1β
′
1α
′
1β1...αhβ
′
hα
′
hβh
while the marked polygon of the signature(h;−; [m1, ...,mr];{()k})
has the surface symbol
ξ1ξ
′
1...ξrξ
′
r1γ1
′
1...kγk
′
kα1α
∗
1 ...αhα
∗
h.
The signature gives us a presentation of the NEC group, as shown by
Wilkie in [25]. The presentation is as follows:
Generators: (1) x1, ..., xr (elliptic elements);
(2) c1, ..., ck (hyperbolic reflections);
(3) e1, ..., ek (hyperbolic elements except for cases h = 0 and r = k = 1,
when they are elliptic elements);
(4) (a) a1, b1, ..., ah, bh (hyperbolic elements) if the sign is +;
(b) d1, ..., dh (glide reflections) if the sign is −.
Relations: (1) xmii = 1, i = 1, ..., r;
(2) c2j = 1, j = 1, ..., k;
(3) cj = e−1j cjej j = 1, ..., k;
(4) The long relation:
(a) x1...xre1...eka1b1a−11 b−11 ...ahbha−1h b−1h = 1 if the sign is +;
(b) x1...xre1...ekd21...d
2
h = 1 if the sign is −.
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As mentioned above, the marked polygon P is also the fundamental
region of the NEC group Λ associated with it. The generators of Λ
map the edges of the marked polygon in the following way:
(1) xi(ξ′i) = ξi, i = 1, ..., r;
(2) ej(′j) = j, j = 1, ..., k;
(3) cj, j = 1, ..., k is a reflection along the axis containing γj;
(4) (a) al(α′l) = αl and bl(β′l) = βl, l = 1, ..., h if the sign is +;
(b) dl(α∗l ) = αl, l = 1, ..., h if the sign is −.
Then H2/Λ ≅ P / ∼, where ∼ refers to identification of edges paired by
the above homeomorphisms. Only generators c1, ..., ck and d1, ..., dh are
orientation-reversing, the others are all orientation-preserving.
Lemma 4.1. [5, 8] Suppose that Λ is an NEC group with signature(h;±; [m1, ...,mr];{()k}) .
A group homomorphism θ ∶ Λ → G defines an action of G on a non-
orientable surface if and only if
(1) θ(xi) has order mi for 1 ≤ i ≤ r,
(2) θ(cj) has order 2 for 1 ≤ j ≤ k, and
(3) θ(Λ+) = G, where Λ+ is the subgroup of Λ consisting of orientation-
preserving elements.
Notice that the first two conditions guarantee that Γ = ker θ is
torsion-free and the third condition ensures that Γ contains orientation-
reversing elements and is therefore the fundamental group of a non-
orientable surface.
If Λ/Γ has order n and Γ ≅ pi1(Ng), the Hurwitz-Riemann formula
takes the following form
g − 2 = n(h + k − 2 + r∑
i=1 (1 − 1mi))
where  is equal to 1 if Ng/ ⟨φ⟩ is non-orientable and 2 otherwise.
4.2. Topological equivalence. Suppose θi ∶ Λ → G are two epimor-
phisms with Γ = ker θi ≅ pi1(Ng) for i = 1,2. We say that θ1 and θ2
are topologically conjugate if and only if the corresponding G-actions
are conjugate by a homeomorphism of Ng. Equivalently, θ1 and θ2
are topologically conjugate if and only if there exist automorphisms
ψ ∈ Aut(Λ) and χ ∈ Aut(G) such that χ ○ θ1 = θ2 ○ψ; see Definition 2.2
in [8] and the preceeding remark, or Proposition 2.2 in [3].
We list the automorphisms of Γ which will be used in the proof
of Theorem 1.1; these and more are given in [4] (see also references
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therein). If the sign is ”+”, we are going to use the following automor-
phisms of Γ:
σ defined by σ(xr) = Ea−11 E−1xrEa1E−1, σ(a1) = [a−11 ,E−1x−1r E]a1,
σ(b1) = b1a−11 E−1xrEa1, where E = e1...ek, and the identity on the
remaining generators.
pi defined by pi(ek) = a−11 eka1, pi(ck) = a−11 cka1, pi(a1) = [a−11 , e−1k ]a1,
pi(b1) = b1a−11 eka1 and the identity on the remaining generators.
ω defined by ω(a1) = a1, ω(b1) = b1a1 and the identity on the remain-
ing generators.
If the sign is ”−”, we are going to use the following automorphisms
of Γ:
γ defined by γ(d1) = E−1xrEd1, γ(xr) = xrEd1E−1x−1r Ed−11 E−1x−1r ,
where E = e1...ek, and the identity on the remaining generators.
 defined by (d1) = ekd1, (ek) = ekd1e−1k d−11 e−1k , (ck) = ekd1ckd−11 e−1k
and the identity on the remaining generators.
Regardless of sign, we are also going to use the following automor-
phisms of Γ:
ρi defined by ρi(xi) = xixi+1x−1i , ρi(xi+1) = xi and the identity on the
remaining generators.
λj defined by λj(ej) = ejej+1e−1j , λj(ej+1) = ej, λj(cj) = ejcj+1e−1j and
the identity on the remaining generators.
In [4], the following two theorems are proven that provide criteria
for topological equivalence of Zp-actions:
Theorem 4.2. Suppose that p is an odd prime, Λ is an NEC group
of signature (h;−; [(p)r];{−}) and θi ∶ Λ → Zp for i = 1,2 are two
epimorphisms with ker θi isomorphic to the fundamental group of a non-
orientable surface. Then θ1 and θ2 are topologically conjugate if and
only if (θ2(x1), ..., θ2(xr)) is a permutation of (1aθ1(x1), ..., raθ1(xr))
for some a ∈ {1, ..., p − 1} and j ∈ {1,−1}, j = 1, ..., r.
Theorem 4.3. Suppose that Λ is an NEC group of signature(h;−; [(2)r];{()k}) and θi ∶ Λ → Z2 for i = 1,2 are two epimorphisms
with ker θi isomorphic to the fundamental group of a non-orientable
surface. Let
k
(i)− = #{j ∈ {1, ..., k}∣θi(ej) = 1}
for i=1,2. Then θ1 and θ2 are topologically conjugate if and only if
(1) k
(1)− = k(2)− , and if r = k(1)− = k(2)− = 0 and the sign is ’−’ also
(2) θ1(d1...dg) = θ2(d1...dg) and
(3) θ1(d1) = ... = θ1(dg) = 0 if and only if θ2(d1) = ... = θ2(dg) = 0.
Let γj be the axis of the reflection cj corresponding to a boundary
component of H2/Λ. Notice that γj projects to a two-sided circle on
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Ng ≅ H2/Γ if and only if ej ∈ Γ. In other words, the invariant k(i)− from
Theorem 4.3 is the number of one-sided ovals.
5. Periodic elements of order greater than 2
Proof of Theorem 1.1. Let f be a periodic element of M(Ng) of order
#f > 2 and φ its standard representative. We will show that there
exists a curve c on Ng such that (c, f(c)) is a standard pair. Theorem
1.1 will then follow by Lemma 3.2.
Case 1: the action of ⟨φ⟩ is free. By raising f to an appropriate
power, we can assume that #f is equal to a prime p. Since the action
of ⟨φ⟩ is free, it is a covering space action.
Let p be an odd prime. By Theorem 4.2 the covering map is uniquely
determined up to powers and conjugacy by the genus h ofNg/ ⟨φ⟩. Thus
we can assume that φ is a rotation by the angle 2pi/p of the surface Ng,
as in Figure 5.2. If h ≥ 3, we can find a curve c such that c and f(c) form
a type 1 standard pair. An easy argument from the Hurwitz-Riemann
Figure 5.2. Type 1 standard pair for h ≥ 3 and p = 3.
formula shows that a case where h < 3 does not occur.
Now let p = 2. By Theorem 4.1 of [6], there are exactly two distinct
conjugacy classes of free actions of the cyclic group of order 2 on a
non-orientable surface of even genus equal at least 4. For g = 2s, s ≥ 2
the two actions can be represented as the antipodism of a sphere with
2(s − 1) crosscaps forming s − 1 antipodic pairs and the antipodism of
a torus with 2(s − 2) crosscaps forming s − 2 antipodal pairs; we will
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denote them f01 and f02, respectively. Since g ≥ 8, we can always find
Figure 5.3. Free involutions.
a curve c such that either c and f01(c) or c and f02(c) form a type 2
standard pair (Figure 5.3). This completes the proof in Case 1.
For the rest of the proof we assume that the action of ⟨φ⟩ is not free.
We will use the NEC groups introduced in Section 4. For a cyclic group⟨φ⟩ acting on a non-orientable surface Ng there exist NEC groups Λ,
Γ such that Γ ◁ Λ and Γ is torsion-free, ⟨φ⟩ ≅ Λ/Γ, Ng ≅ H2/Γ and
Ng/ ⟨φ⟩ ≅ H2/Λ. We identify Λ/Γ with Zn and let θ ∶ Λ → Zn be the
canonical projection. Our goal is to find a curve c on H2/Γ and a
generator y ∈ Λ/Γ such that c and y(c) form a standard pair of either
type. Then Theorem 1.1 will follow from Lemma 3.2. To achieve this,
we construct the fundamental region D of Γ from the fundamental
region P of Λ, namely, D = P ∪ y˜P ∪ ... ∪ y˜n−1P for n = #φ, where
y = y˜Γ. After we identify the edges of D paired by elements of Γ, we
obtain the surface Ng.
Case 2: #f is not a power of 2. By raising f to an appropriate
power we can assume that #f is an odd prime. The group Λ has no
reflections, as there are no elements of order 2 in Zp for them to map
onto. Moreover, mi = p for i = 1, ..., r. The signature of Λ is(h;−; [(p)r]);{−}) .
The marked polygon P associated with Λ has the surface symbol
ξ1ξ
′
1...ξrξ
′
rα1α
∗
1 ...αhα
∗
h.
Notice that r ≥ 1, as we assumed the action is not free, and h ≥ 1. The
element x1 is of order p, therefore it does not lie in the kernel Γ; we
can assume θ(x1) = 1. We can express Λ as a sum of cosets of Γ in the
following way:
Λ = Γ ∪ x1Γ ∪ ... ∪ xp−11 Γ.
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From this we conclude that the polygon D which is the fundamental
region for Γ can be expressed as
P ∪ x1P ∪ ... ∪ xp−11 P =D
We take y = x1Γ as our generator of Λ/Γ.
If h ≥ 2, then by replacing θ with a topologically conjugate epi-
morphism if neccessary we can assume dl ∈ Γ for l > 1 (see proof of
Theorem 4.2 in [4]). Suppose that h ≥ 2; then d2 ∈ Γ. We can find
a curve c such that c and y(c) form a type 1 standard pair: c is a
projection on H2/Γ of the union of two arcs on D, one connecting a
point p ∈ α∗2 to x1(d2(p)) ∈ x1(α2) and other one connecting d2(p) ∈ α2
to x1(p) ∈ x1(α∗2) (see Figure 5.4 with l = 2). As d2 ∈ Γ identifies α∗2
with α2 and x1d2x−11 ∈ Γ identifies x1(α∗2) with x1(α2), c is indeed a
two-sided simple closed curve on H2/Γ. The same works if h = 1 and
d1 ∈ Γ. It remains to consider the case when h = 1 and d1 ∉ Γ. Then
Figure 5.4. A type 1 standard pair for dl ∈ Γ.
by the Riemann-Hurwitz formula r ≥ 2. If θ(ξi) ∈ {1, ..., p− 2} for some
i ∈ {2, ..., r}, then there exists n ∈ {2, ..., p − 1} such that xn1xi ∈ Γ.
We choose the curve c as the projection of an arc on D connecting
the centre of ξ′i to the centre of xn1(ξi); since xn1xi identifies these two
edges, c is a two-sided closed curve and so is its image y(c); the curves
c and y(c) form a type 1 standard pair as in Figure 5.5 with A = ξi. If
θ(ξi) = p − 1 for all i ∈ {2, ..., r}, then in particular θ(xr) = p − 1 and by
composing θ with the automorphism γ defined in Section 4.2 we get
θ ○ γ(xr) = θ(x−1r ) = −(p − 1) = 1. We can then repeat the reasoning
with i = r.
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Figure 5.5. A type 1 standard pair.
Case 3: #f is a power of 2. By raising f to an appropriate power we
can assume that #f = 4. The signature of Λ is (h;±; [m1, ...,mr]);{()k}),
where mi ∈ {2,4}, h+k > 0 and k > 0 if the sign is ”+” because Λ has to
contain an orientation-reversing element, and r+k > 0 since we assume
that the action is not free. The marked polygon P associated with Λ
has the surface symbol ξ1ξ′1...ξrξ′r1γ1′1...kγk′kα1β′1α′1β1...αhβ′hα′hβh if
the sign is ”+” and ξ1ξ′1...ξrξ′r1γ1′1...kγk′kα1α∗1 ...αhα∗h otherwise.
Lemma 5.1. Let y˜ = xi for some 1 ≤ i ≤ r or y˜ = ej for some 1 ≤ j ≤ k
and suppose θ(y˜) ∈ {1,3}.
(a) If there is an orientation-preserving generator z of Λ such that
z ≠ y˜ and either θ(z) = θ(y˜) or θ(z) = 2, then there exists a
curve c on Ng = H2/Γ such that, for y = y˜Γ, (c, y(c)) is a type
1 standard pair.
(b) If k ≥ 2 and θ(es) = 0 for some 1 ≤ s ≤ k, then there exists a
curve c on Ng = H2/Γ such that, for y = y˜Γ, (c, y(c)) is a type
2 standard pair.
Proof. We will consider the cases when y˜ is equal to either x1 or e1.
(a) First, let y˜ = x1. We can assume that θ(x1) = 1, for otherwise we
can compose θ with an automorphism of Z4 interchanging 1 and 3. Let
z be an orientation-preserving generator of Λ which maps the edge ζ ′
of the marked polygon P onto ζ. Suppose that θ(z) = θ(y˜) = 1; then
x31z ∈ Γ identifies ζ ′ with x31(ζ) and we can find a curve c such that c
and y(c) form a type 1 standard pair as in Figure 5.5 with A = ζ and
n = 3. If θ(z) = 2, then x21z ∈ Γ identifies ζ ′ with x21(ζ) and we can find
a curve c such that c and y(c) form a type 1 standard pair as in Figure
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5.5 with A = ζ and n = 2. Now let y˜ = e1; again, we can assume that
θ(e1) = 1. Suppose first that θ(z) = θ(y˜) = 1; then e1z−1 ∈ Γ identifies
e1(ζ ′) with ζ and we can find a curve c such that c and y(c) form a
type 1 standard pair as in Figure 5.6. Now let θ(z) = 2; then e21z ∈ Γ
Figure 5.6. A type 1 standard pair for θ(e1) = 1 and
θ(z) = 1.
identifies ζ ′ with e21(ζ) and we can find a curve c such that c and y(c)
form a type 1 standard pair as in Figure 5.7.
Figure 5.7. A type 1 standard pair for θ(z) = 3 and
θ(z) = 1.
(b) Let k ≥ 2 and θ(es) = 0. Because es ∈ Γ, the image of γs in Ng is a
two-sided closed curve. Let c be this curve. The complement of c∪y(c)
in Ng is the image of the complement of γs ∪ y˜(γs) ∪ y˜2(γs) ∪ y˜3(γs) in
D = P ∪ y˜P ∪ y˜2P ∪ y˜3P (y˜2cs identifies γs with y˜2(γs)) and is therefore
connected. Consider the arc connecting the midpoint of γt with the
midpoint of y2(γt) for t ≠ s. The image of this arc is a one-sided curve
on Ng ∖ (c ∪ y(c)), which is therefore non-orientable. This completes
the proof of the lemma. 
Since θ is an epimorphism, there exists at least one generator of Λ
which maps onto an element of order 4 in Z4. Without loss of generality
we take this element of Z4 to be 1. The generator mapped onto 1 can
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be one of xi, i ∈ {1, ..., r}, ej, j ∈ {1, ..., k} and dl, al or bl, l ∈ {1, ..., h}.
We will examine the cases for x1, e1, d1 and a1.
Subcase 3.1: θ(x1) = 1. Our generator of Λ/Γ is x1Γ ∈ Λ/Γ. We
can write Λ as a sum of cosets of Γ:
Λ = Γ ∪ x1Γ ∪ x21Γ ∪ x31Γ
Then the polygon D which is the fundamental region for Γ is
P ∪ x1P ∪ x21P ∪ x31P =D
By the long relation there is another generator whose image has order
4, and it is either xi for some i ∈ {2, ..., r} or ej for some j ∈ {1, ..., k}.
If #θ(xi) = 4, then θ(xi) is equal to either 1 or 3. If θ(xi) = 1,
we can find a curve c such that c and y(c) form a type 1 standard
pair by Lemma 5.1(a) with y˜ = x1 and z = xi. If θ(xi) = 3 and the
sign is ”−”, then by composing θ with ρi ○ ... ○ ρr−1 ○ γ (see Section
4.2) we get θ ○ ρi ○ ... ○ ρr−1 ○ γ(xr) = θ(x−1i ) = 1 and we apply Lemma
5.1(a) with y˜ = x1 and z = xr. If the sign is ”+” and h ≥ 1, then by
composing θ with ρi ○ ...○ρr−1 ○σq, q ∈ Z, we get θ○ρi ○ ...○ρr−1 ○σq(b1) =
θ(b1)+ q ⋅θ(xi) = θ(b1)+ q ⋅3. By choosing the value of q we can set any
desired value of θ(b1); we set θ(b1) = 1. Then we can once again apply
Lemma 5.1(a), with z = b1. If the sign is ”+” and h = 0, then k ≥ 1.
If there exists an orientation-preserving generator z different from x1
and xi and such that θ(z) ≠ 0, we apply Lemma 5.1(a), taking either
x1 or xi as y˜. Otherwise r = 2 and by the Hurwitz-Riemann formula
k ≥ 2 and θ(ek) = 0. We can then apply Lemma 5.1(b).
If #θ(ej) = 4, then θ(ej) is equal to either 1 or 3. If θ(ej) = 1, we
can find a curve c such that c and y(c) form a type 1 standard pair by
Lemma 5.1(a) with y˜ = x1 and z = ej. If θ(ej) = 3 and the sign is ”−”,
then by composing θ with λj ○ ...○λk−1 ○ we get θ○λj ○ ...○λk−1 ○(ek) =
θ(e−1j ) = 1 and we apply Lemma 5.1(a) with z = ek. If the sign is ”+”
and h ≥ 1, then by composing θ with λj ○ ... ○ λk−1 ○ piq, q ∈ Z, we get
θ ○ λj ○ ... ○ λk−1 ○ piq(b1) = θ(b1) + q ⋅ θ(ej). By choosing the value of q
we can set any desired value of θ(b1); we set θ(b1) = 1. Then we can
once again apply Lemma 5.1(a), with z = b1. If the sign is ”+” and
h = 0, then by the Riemann-Hurwitz formula r + k ≥ 3. If there exists
an orientation-preserving generator z different from x1 and ej and such
that θ(z) ≠ 0, we apply Lemma 5.1(a), taking either x1 or ej as y˜.
Otherwise r = 1 and k ≥ 2, thus θ(ek) = 0 and we apply Lemma 5.1(b).
Subcase 3.2: θ(e1) = 1. Now the chosen generator y is equal to
e1Γ ∈ Λ/Γ. We write Λ as a sum of cosets of Γ:
Λ = Γ ∪ e1Γ ∪ e21Γ ∪ e31Γ
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Then the polygon D which is the fundamental region for Γ is
P ∪ e1P ∪ e21P ∪ e31P =D
As before, there is another generator whose image has order 4, and it is
either xi for some i ∈ {1, ..., r} or ej for some j ∈ {2, ..., k}. We assume
that θ(xi) = 2 for 1 ≤ i ≤ r, for otherwise we are in Subcase 3.1. This
leaves us with some ej such that #θ(ej) = 4.
If #θ(ej) = 4, then θ(ej) is equal to either 1 or 3. If θ(ej) = 1, we
can find a curve c such that c and y(c) form a type 1 standard pair by
Lemma 5.1(a) with y˜ = e1 and z = ej. If θ(ej) = 3 and the sign is ”−”,
then by composing θ with λj ○ ...○λk−1 ○ we get θ○λj ○ ...○λk−1 ○(ek) =
θ(e−1j ) = 1 and we apply Lemma 5.1(a) with z = ek. If the sign is ”+”
and h ≥ 1, then by composing θ with λj ○ ... ○ λk−1 ○ piq, q ∈ Z, we get
θ ○ λj ○ ... ○ λk−1 ○ piq(b1) = θ(b1) + q ⋅ θ(ej). By choosing the value of q
we can set any desired value of θ(b1); we set θ(b1) = 1. Then we can
once again apply Lemma 5.1(a), with z = b1. If the sign is ”+” and
h = 0, then by the Riemann-Hurwitz formula r + k ≥ 3. If there exists
an orientation-preserving generator z different from e1 and ej and such
that θ(z) ≠ 0, we apply Lemma 5.1(a), taking either e1 or ej as y˜.
Otherwise r = 0 and k ≥ 3, thus θ(ek) = 0 and we apply Lemma 5.1(b).
Subcase 3.3: θ(d1) = 1. Now the chosen generator y is equal to
d1Γ ∈ Λ/Γ. We write Λ as a sum of cosets of Γ:
Λ = Γ ∪ d1Γ ∪ d21Γ ∪ d31Γ
Then the polygon D which is the fundamental region for Γ is
P ∪ d1P ∪ d21P ∪ d31P =D
By the long relation, there exists another generator not in the kernel,
although the image of this generator is not necessarily of order 4. We
assume that θ(xi) = 2 for all i, for otherwise we are in Subcase 3.1.
Likewise we assume that θ(ej) ∈ {0,2} for all j; if θ(ej) ∈ {1,3} for
some j, we are in Subcase 3.2. If θ(dl) = 0 for some l, we can find
a curve c such that c and y(c) form a type 1 standard pair (Figure
5.8); dl identifies α∗l with αl, analogously for their images. Similarly, if
θ(dl) = 2 for some l, we can find a curve c such that c and y(c) form a
type 1 standard pair (Figure 5.9); d21dl ∈ Γ identifies α∗l with d21(αl) and
d1dld−31 ∈ Γ identifies d31(α∗l ) with d1(αl) (recall that d41 ∈ Γ identifies
α∗1 with d31(α1)). Therefore we can assume that θ(dl) ∈ {1,3} for all l.
Then by Lemma 4.1 k ≥ 1; otherwise the image of Λ+ under θ is not
equal to Z4.
If θ(ej) = 2 for some j, then ejd−21 identifies d21(′j) with j and we can
find a curve c such that c and y(c) form a type 2 standard pair (Figure
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Figure 5.8. A type 1 standard pair for θ(d1) = 1 and
θ(dl) = 0.
Figure 5.9. A type 1 standard pair for θ(d1) = 1 and
θ(dl) = 2.
5.10 with A = j). By the Riemann-Hurwitz formula r ≥ 1, k ≥ 2 or
h ≥ 2. If r ≥ 1 or k ≥ 2 and assuming j = 1, there exists an edge (ξ1 or γ2)
on the segment of ∂D from A = 1 to d21(′1) (anticlockwise) identified
with an edge between d21(′1) and d31(′1) so that the complement of
c ∪ y(c) is connected. If h ≥ 2, then by assumption θ(d2) ∈ {1,3}.
If θ(d2) = 1, then the edge α∗2 on the segment from d1(1) to 1 is
identified with the edge d31(α2) on the segment from d31(′1) to d1(1).
If θ(d2) = 3, then the edge d31(α∗2) on the segment from d31(′1) to d1(1)
is identified with the edge α2 on the segment from d1(1) to 1. In any
of these cases there exists a curve on Ng intersecting c ∪ y(c) in one
point, which means that Ng ∖ (c ∪ y(c)) is connected. A projection of
the arc joining the midpoints of γ1 and d21(γ1) is a one-sided curve on
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Figure 5.10. A type 2 standard pair for θ(d1) = 1.
Ng ∖ (c ∪ y(c))(d21c1 ∈ Γ identifying γ1 with d21(γ1)) which is therefore
non-orientable. From now on we assume θ(ej) = 0 for all 1 ≤ j ≤ k.
If k ≥ 2, then the construction in the proof of Lemma 5.1(b) works
for y˜ = d1 (since d21 is orientation-preserving). We assume that k = 1
and by the Riemann-Hurwitz formula r ≥ 2 or h ≥ 2. If r ≥ 2, then
we can find a curve c such that c and y(c) form a type 2 standard
pair (Figure 5.10 with A = ξ1). There exists an edge (namely γ1) in the
segment of ∂D from ξ1 to d21(ξ′1) (anticlockwise) which is identified with
an edge on the segment from d21(ξ′1) to d31(ξ′1), so that the complement
of c∪y(c) is connected. A projection of the sum of two arcs, one joining
the midpoints of γ1 and ξ′2 and the other joining the midpoints of d21(ξ2)
and d21(γ1), is a one-sided curve on Ng∖(c∪y(c)) (d21c1 ∈ Γ identifying γ1
with d21(γ1) and d21x2 ∈ Γ identifying ξ′2 with d21(ξ2)), which is therefore
non-orientable. If h ≥ 2, then by assumption θ(d2) ∈ {1,3}. If θ(d2) = 1,
then d31d2 ∈ Γ identifies α∗2 with d31(α2) and we can find a curve c
such that c and y(c) form a type 1 standard pair (Figure 5.11). If
θ(d2) = 3, then d1d2 ∈ Γ identifies α∗2 with d1(α2) and we can find
a curve c such that c and y(c) form a type 2 standard pair (Figure
5.12). The edge γ1 on the segment of ∂D from 1 to ′1 is identified
with the edge d21(γ1) on the segment from d21(α2) to d1(′1) and the
edge d1(γ1) on the segment from d1(′1) to d1(1) is identified with
the edge d31(γ1) on the segment from d21(α2) to d1(′1), ensuring the
connectedness of Ng ∖ (c∪y(c)). A projection of the union of two arcs,
one connecting the midpoint of d21(γ1) with the midpoint of d31(α1) and
the other connecting the midpoint of α∗1 with the midpoint of γ1, is a
one-sided curve on Ng ∖ (c ∪ y(c)), which is therefore non-orientable.
Subcase 3.4: θ(a1) = 1. The chosen generator y is equal to a1Γ ∈
Λ/Γ. Certainly k ≥ 1. If there exists j ∈ {1, ..., k} such that ej ∉ Γ, we
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Figure 5.11. A type 1 standard pair for θ(d1) = 1,
θ(e1) = 0 and θ(d2) = 1.
Figure 5.12. A type 2 standard pair for θ(d1) = 1,
θ(e1) = 0 and θ(d2) = 3.
can assume that θ(ej) = 2 and a21ej identifies ′j with a21(j). Then we
can find a curve c such that c and y(c) form a type 1 standard pair
(Figure 5.13). Now if ej ∈ Γ for all j ∈ {1, ..., k}, e1 identifies ′1 with 1.
If θ(b1) = 0, b1 identifies β′1 with β1 and we can find a curve c such that
c and y(c) form a type 2 standard pair (Figure 5.14). The edge γ1 on
the segment of ∂D from j to ′j is identified with the edge a21(γ1) on
the segment from a1(′j) to a1(β′1) and the edge a1(γ1) on the segment
from a1(j) to a1(j) is identified with the edge a31(γ1) on the segment
from a1(′j) to a1(β′1) so that the complement of c ∪ y(c) is connected.
A projection of the union of two arcs, one connecting the midpoint
of a21(γ1) with the midpoint of a31(α1) and the other connecting the
midpoint of α′1 with the midpoint of γ1, is a one-sided curve on the
complement of c ∪ y(c), which is therefore non-orientable. If θ(b1) ≠ 0,
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Figure 5.13. A type 1 standard pair for θ(a1) = 1 and
θ(ej) = 2.
then by composing θ with ωq, q ∈ Z, we get θ ○ ωq(b1) = θ(b1) + qθ(a1)
and by choosing the right value of q we can set θ ○ ωq(b1) = 0. This
Figure 5.14. A type 2 standard pair for θ(a1) = 1,
θ(e1) = 0 and θ(b1) = 0.
completes the proof of Theorem 1.1. 
6. Classification of involutions
6.1. Surgeries. We are going to define five surgeries which will help
us construct all the involutions we need in easy steps. We begin with
an oriented surface X embedded in R3 and an involution ϕ ∶ X → X
induced either by a reflection across some plane in R3 or by a rotation
by the angle pi about some axis (for example the hyperelliptic invo-
lution). Next we apply a series of surgeries that result in our chosen
involution. After applying each surgery we obtain a new involution on
a new surface X ′, ϕ′ ∶X ′ →X ′, which we can then further modify.
Blowing up an isolated fixed point: Let x ∈X be an isolated fixed
point, ϕ(x) = x. We choose a disc D ⊂ X such that x ∈ D and ϕ(D) =
D. Then ϕ∣D is a rotation by the angle pi. Let X ′ = (X ∖ int(D))/ ∼,
where ∼ identifies antipodal points on ∂D. Then ϕ′ ∶ X ′ → X ′ is the
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involution induced by ϕ. This surgery replaces an isolated fixed point
with a one-sided oval.
Blowing up a non-isolated fixed point: Let c be an oval and x ∈ c.
We choose a disc D ⊂X such that x ∈D and define X ′ and ϕ′ as above.
Now ϕ∣D is a reflection about c∩D. This surgery preserves the number
of ovals, but changes the number of sides of one oval and adds one
isolated fixed point.
Blowing up a 2-orbit: Let x ∈X, ϕ(x) ≠ x. We choose a disc D ⊂X
such that x ∈ D ⊂ X and ϕ(D) ∩ D = ∅. Then X ′ = X ∖ (int(D) ∪
int(ϕ(D)))/ ∼, where ∼ identifies antipodic points on ∂D and ∂ϕ(D).
This surgery adds two crosscaps that map onto one another and in-
creases the genus of the quotient orbifold by 1.
Adding a handle: Let x ∈X, ϕ(x) ≠ x. We choose a disc D as above.
X ′ = X ∖ (int(D) ∪ int(ϕ(D)))/ ∼, where ∼ identifies y with ϕ(y) for
y ∈ ∂D. If X is orientable, then X ′ is non-orientable if and only if ϕ is
orientation-preserving. This surgery adds a two-sided oval.
Surface gluing: Let X, Y be oriented surfaces and φ ∶ X → X, ψ ∶
Y → Y be involutions, where φ is orientation-reversing (a reflection)
and ψ is orientation-preserving (a rotation). Choose two discs D ⊂
X and D′ ⊂ X ′ such that φ(D) ∩ D = ∅ and ψ(D′) ∩ D′ = ∅. Let
θ ∶ ∂D → ∂D′ be an orientation-reversing homeomorphism. Let X ′
be the surface obtained by removing int(D) ∪ int(φ(D)) from X and
int(D′) ∪ int(ψ(D′)) from Y and identifying ∂D with ∂D′ via θ and
∂φ(D) with ∂ψ(D′) via ψ ○θ ○ϕ−1. Then φ and ψ induce an involution
on X ′. Note that ψ ○ θ ○ ϕ−1 is orientation-preserving and X ′ is non-
orientable of genus 2(g(X) + g(Y ) + 1).
Figure 6.15. The left-hand side of the surface is re-
flected, and the right-hand side is rotated.
6.2. Involutions on Ng. Basing on Dugger’s work [6] and Theorem
4.3, we are going to define eleven involutions on a surface Ng, which
will exhaust all possibilities up to conjugation. We remark that the
problem of classification of involutions on compact surfaces is classical,
especially in the case of orientable surfaces, but also for non-orientable
surfaces several classification results have been obtained by different
authors; see §1.7 in [6].
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Let f be an involution; in this section we do not distinguish between
a mapping class and its representative. Let Ng = H2/Γ, ⟨f⟩ = Λ/Γ
and let θ ∶ Λ → Z2 be the canonical projection. The signature of Λ
is (h;±; [(2)r];{()k}). Recall that k+ = #{j ∈ {1, ..., k}∣θ(ej) = 0} =
#({e1, ..., ek} ∩ Γ). Then k− = #{j ∈ {1, ..., k}∣θ(ej) = 1}. Further,
notice that by the long relation
θ(x1...xre1...ek) = 0
θ(x1) + ... + θ(xr) + θ(e1) + ... + θ(ek) = 0
which gives
r + k− ≡ 0 mod (2)
and by the Hurwitz-Riemann formula
g − 2 = 2(h + k − 2) + r
g = 2h + 2k − 2 + r
g ≡ r mod (2)
where  is equal to 1 if Ng/ ⟨f⟩ is non-orientable and 2 otherwise. Ad-
ditionally, also by the Hurwitz-Riemann formula, always r + 2k ≤ g + 2
and r + 2k ≤ g if the quotient orbifold is non-orientable.
By Theorem 1.16 of [6] the numbers r, k, k+ and k− together with
information about the orientability of the quotient orbifold (a set of
characteristics which the author refers to as the ”signed taxonomy”
of C2-actions) determine an action up to conjugacy if either the sur-
face is orientable, or the quotient orbifold is orientable, or r + k− > 0.
Otherwise, additional invariants are necessary which Dugger terms the
-invariant and the DD-invariant. Notice that Theorem 1.16 of [6]
coincides with Theorem 4.3.
Let us first consider the case when r = 0 and k = 0, that is, the
action of ⟨f⟩ is free. Since k− = 0, g must be even. This case was
already covered in the proof of Theorem 1.1 in Subsection 5 (Figure
5.3); we have denoted the two involutions f01 and f02, respectively.
Now let r > 0 and k = 0. Since k− = 0, r must be even, and so
must g. By Theorem 7.7 of [6] (see also Theorem 4.3) there is exactly
one conjugacy class of involutions in this case for fixed r, with a non-
orientable quotient orbifold. We denote this involution f1. As the
representative of this class we can take a rotation by pi of an orientable
surface of genus r/2 − 1 with h 2-orbits blown up, as in Figure 6.16.
Next, let r > 0, k− = 0 and k+ > 0. Again, k− = 0 implies r and g
are both even. By Theorem 7.9 of [6] (see also Theorem 4.3) there
are two conjugacy classes of involutions for fixed r and k+, one with
a non-orientable and one with an orientable quotient orbifold. As a
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Figure 6.16. Involution f1 with the set of fixed points marked.
representative of the class with a non-orientable quotient orbifold we
can take the reflection of an orientable surface of genus k − 1 with h 2-
orbits blown up and r non-isolated fixed points blown up, as in Figure
6.17; we will denote it by f2. As a representative of the class with an
Figure 6.17. Involution f2 with the set of fixed points marked.
orientable quotient orbifold we can take the reflection of an orientable
surface of genus k − 1 + 2h with h pairs of conjugate handles and r
non-isolated fixed points blown up, as in Figure 6.18; we will denote
it by f3. By the Hurwitz-Riemann formula, in this case r + 2k ≡ g + 2
mod (4).
Figure 6.18. Involution f3 with the set of fixed points marked.
Next, let r ≥ 0, k+ ≥ 0 and k− > 0. By Theorem 7.10 of [6] (see
also Theorem 4.3) there are two conjugacy classes of such involutions
for fixed r, k− and k+, one with a non-orientable and one with an
orientable quotient orbifold. As the representative of the class with a
non-orientable quotient orbifold we can take a reflection of an orientable
surface of genus k+ − 1 glued together with a rotated orientable surface
of k−+r+1 with h 2-orbits blown up and k− isolated fixed points blown
up (see Figure 6.19); we will denote it by f4. As a representative of
the class with an orientable quotient orbifold we can take the reflection
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Figure 6.19. Involution f4 with the set of fixed points marked.
of an orientable surface of genus k+ − 1 glued together with a rotated
orientable surface of genus k− + r + 1 + 2h with h pairs of conjugate
handles and k− isolated fixed point blown up (see Figure 6.20); we will
denote it by f5.
Figure 6.20. Involution f5 with the set of fixed points marked.
Finally let r = 0, k ≥ 0 and k− = 0. Then g must be even. By
Theorem 7.12 of [6] (see also Theorem 4.3) there are four conjugacy
classes of such involutions for fixed k+, three with non-orientable quo-
tient orbifolds and one with an orientable one. We will denote the
representatives of the conjugacy classes with non-orientable quotient
orbifolds by f6, f7 and f8, in order. The involution f6 always occurs.
We can take its representative to be the reflection of an orientable
surface of genus k − 1 with h 2-orbits blown up (Figure 6.21). Note
that in this case the set of fixed points is separating. The involution
Figure 6.21. Involution f6 with the set of fixed points marked.
f7 occurs if and only if 2k < g. We can take its representative to be
the antipodism of a sphere with h − 1 2-orbits blown up and k added
handles (Figure 6.22). Notice that the condition 2k < g is necessary
for the surface to be non-orientable. The involution f8 occurs if and
only if 2k < g − 2. We can take its representative to be the antipodism
of a torus with h − 2 2-orbits blown up and k added handles (Figure
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Figure 6.22. Involution f7 with the set of fixed points
marked. The two-sided ovals result from adding k han-
dles – a surgery consisting in identification of boundary
points on k pairs of antipodal discs whose interiors are
removed from the surface. Three of these discs are
drawn.
6.23). Notice that the condition 2k < g − 2 is necessary for the surface
to be non-orientable. The conjugacy class of involutions with an ori-
Figure 6.23. Involution f8 with the set of fixed points
marked. The two-sided ovals result from adding k han-
dles.
entable quotient orbifold occurs if and only if 2k ≡ g + 2 mod 4, which
condition is necessitated by the orientability of the quotient orbifold.
We can take its representative to be the rotation by pi of an orientable
surface of genus 2h + 1 with k added handles about the axis passing
through its centre (Figure 6.24); we denote it by f9.
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Figure 6.24. Involution f9 with the set of fixed points
marked. The two-sided ovals result from adding k han-
dles.
Remark 5. If k = 0, f7 and f8 coincide with f01 and f02 (Figure 5.3).
Summarising, from Theorems 7.7, 7.9, 7.12 in [6] we obtain the fol-
lowing lemma.
Lemma 6.1. The involutions f1, ..., f9 described above are the only, up
to conjugacy, involutions on a non-orientable surface Ng.
7. Normal closures of involutions
7.1. Actions on homology groups. We know from Lemma 3.2 that
the existence of a curve c such that c and f(c) form a standard pair
of type 1 or 2 is a sufficient condition for the normal closure of f to
contain the commutator subgroup. We will need a way to show that
a condition is also necessary, that is, a method of showing that the
normal closure of a map does not contain the commutator subgroup.
Let Vg =H1(Ng;Z2) ≅ Zg2. The standard generators for the homology
group of a non-orientable surface of genus 2h + k are the homology
classes of the curves ai, bi, i ∈ {1, ..., h} and cj, j ∈ {1, ..., k} on Figure
7.25, where g = 2h + k. We will denote by [a] the homology class of a
curve a in Vg.
We have an intersection form ⟨⋅, ⋅⟩ ∶ Vg × Vg Ð→ Z2, where⟨[ci], [cj]⟩ = δij, ⟨[ai], [aj]⟩ = 0, ⟨[bi], [bj]⟩ = 0,⟨[ai], [bj]⟩ = δij, ⟨[ai], [cj]⟩ = 0, ⟨[bi], [cj]⟩ = 0.M(Ng) acts on Vg preserving ⟨⋅, ⋅⟩.
Let V +g = {[h] ∈ Vg ∶ ⟨[h], [h]⟩ = 0} ≅ Zg−12 . Notice that V +g is gen-
erated by [ai], [bi], i ∈ {1, ..., g} and [ci] + [cj], i, j ∈ {1, ..., k}, i ≠ j.
Note that [c] = [c1] + ... + [ck] is the only element of Vg such that
for any [h] ∈ Vg ⟨[h], [c]⟩ = ⟨[h], [h]⟩, which implies that any element
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f ∈M(Ng) preserves [c]. If k is even, [c] lies in V +g and M(Ng) acts
on V +g / ⟨[c]⟩ ≅ Zg−22 .
Let a, b be two-sided curves on Ng such that i(a, b) = 1. The au-
tomorphism of Vg induced by TaTb is non-trivial, as it maps [b] onto[a] + [b]; the induced automorphisms of V +g and V +g /⟨c⟩ are likewise
non-trivial. Since TaTb ∈ [M(Ng),M(Ng)] by Lemma 3.1, it follows
that the normal closure of an element acting trivially on any of the
spaces Vg, V +g and V +g /⟨c⟩ does not contain the commutator subgroup
of M(Ng). We will present three examples and trust the reader to
apply them in further cases.
Example 1. We take the reflection of an orientable surface of genus h
with k non-isolated fixed points blown up (Figure 7.25). This involution
Figure 7.25. Surface Ng in Example 1 with standard
homology basis.
acts on generators of Vg as follows: [ai] ↦ [ai], [bi] ↦ [bi], [cj] ↦ [cj].
The action on Vg is trivial. It is easy to show that the same holds
for the hyperelliptic involution of an orientable surface with k isolated
points blown up.
Example 2. We take the hyperelliptic involution of an orientable
surface of genus h with one 2-orbit blown up (Figure 7.26). This
Figure 7.26. Surface Ng in Example 2 with standard
homology basis.
involution acts on generators of Vg as follows: [ai] ↦ [ai], [bi] ↦[bi], [c1] ↦ [c2], [c2] ↦ [c1]. The action on Vg is not trivial, so we
look to V +g = ⟨[ai], [bi], [c1] + [c2]⟩. The involution takes [c1] + [c2] to[c2] + [c1] = [c1] + [c2], and the action on V +g is trivial. An analogous
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result for the reflection of a surface with one 2-orbit blown up is easily
obtained.
Example 3. We take the reflection of an orientable surface of genus h
with two 2-orbits blown up (Figure 7.27). As above, the action on Vg
Figure 7.27. Surface Ng in Example 3 with standard
homology basis.
is not trivial. We have V +g = ⟨[ai], [bi], [c1] + [c2], [c1] + [c3], [c1] + [c4]⟩
and the action is as follows: [ai] ↦ [ai], [bi] ↦ [bi], [c1] + [c2] ↦[c3] + [c4], [c1] + [c3] ↦ [c1] + [c3], [c1] + [c4] ↦ [c2] + [c3]. The action
on V +g is not trivial, but notice that [c3] + [c4] = [c1] + [c2] mod (c)
and [c2] + [c3] = [c1] + [c4] mod (c), which means that the action on
V +g / ⟨[c]⟩ is trivial. An analogous result for the hyperelliptic involution
of a surface with two 2-orbits blown up is easily obtained.
Remark 6. It is clear that if K1 is the kernel of the action of M(Ng)
on Vg, K2 is the kernel of the action of M(Ng) on V +g and K3 is the
kernel of the action of M(Ng) on V +g / ⟨[c]⟩, we have K1 ≨ K2 ≨ K3.
Indeed, the examples we have shown prove that there exist involutions
in each of K1, K2 ∖K1 and K3 ∖K2.
7.2. Normal closures.
Proof of Theorem 1.3. Let f ∈ M(Ng) be an involution, r, k, k+, k−
the parameters describing the structure of the set of fixed points of f
and h the genus of Ng/⟨f⟩.
Case 1: r > 0 and k = 0. The only involution for r > 0 and k = 0, up
to conjugacy, is f1. It is easy to see that if h ≥ 3, we can find a curve c
such that c and f1(c) form a type 2 standard pair, as in Figure 6.16.
Notice that the genus of the surface is equal to g = 2(r/2 − 1) + 2h =
r + 2h − 2, and so the condition in terms of g and r is g − r = 2h − 2 ≥
4. Now let us consider the case with h = 2. Then the induced map
f1∗ acts trivially on the space V +g / ⟨c⟩ (see Example 3 in Section 7.1),
and therefore the normal closure of f1 cannot contain the commutator
subgroup. If h = 1, the action is trivial on the space V +g (see Example
2). h = 0 does not occur. The condition is necessary.
Case 2: k > 0 and r + k− > 0.
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Subcase 2a: Ng/⟨f⟩ is non-orientable. The involutions satisfying
these conditions and resulting in a non-orientable surface orbifold are
f2 and f4. For the involution f2 we can find a curve c such that c and
f2(c) form a type 1 standard pair for h ≥ 1 (see Figure 6.17). By the
definition of f2 the orbifold Ng/ ⟨f2⟩ is non-orientable, hence h ≥ 1 is
always satisfied. For the involution f4 we can find a curve c such that
c and f4(c) form a type 1 standard pair if h ≥ 1 (see Figure 6.19). By
the definition of f4, k− > 0 and the orbifold Ng/ ⟨f4⟩ is non-orientable,
hence h ≥ 1 is also always satisfied.
Subcase 2b: Ng/⟨f⟩ is orientable. The involutions satisfying these
conditions and resulting in an orientable surface orbifold are f3 and f5.
For the involution f3 we can find a curve c such that c and f3(c) form a
type 2 standard pair if h ≥ 1 (see Figure 6.18). Since g = 2(k−1)+r+4h,
this translates to g−r−2k = 4h−2 ≥ 2. If h = 0, f3∗ acts trivially on the
space Vg (see Example 1), hence the condition is necessary. Likewise,
for the involution f5 we can find a curve c such that c and f5(c) form a
type 2 standard pair if h ≥ 1 (see Figure 6.20). Since g = 2(k−1)+r+4h,
this translates to g − r − 2k = 4h − 2 ≥ 2. If h = 0, f5∗ acts trivially on
the space Vg (see Figure 7.28). Therefore the condition is necessary.
Figure 7.28. Involution f5 on the surface with stan-
dard homology base for h = 0.
Case 3: r = k− = 0.
Subcase 3a: the set of fixed points is separating. This is satisfied
by the involution f6. For the involution f6 we can find a curve c such
that c and f6(c) form a type 2 standard pair if h − 1 ≥ 3 (see Figure
6.21). Since g = 2h + 2(k − 1), this translates to g − 2k = 2h − 2 ≥ 4. If
h = 2, the induced map f6∗ acts trivially on the space V +g / ⟨c⟩, and if
h = 1, the action is trivial on the space V +g ; h = 0 does not occur. The
condition is necessary (see Examples 3 and 2).
Subcase 3b: the set of fixed points is non-separating. This is sat-
isfied by the involutions f7 and f8 when the orbifold is non-orientable
and f9 when the orbifold is orientable. The case when k = 0 and the
involution is free was shown in the proof of Theorem 1.1 in Section
5; we now assume k > 0. For the involution f7 we can find a curve c
such that c and f7(c) form a type 1 standard pair for h − 1 ≥ 1 (see
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Figure 6.22), which is always satisfied, as the surface is nonorientable
(by the definition of f7, h − 1 is the number of pairs of crosscaps on
Ng). For the involution f8 we can find a curve c such that c and f8(c)
form a type 1 standard pair for h − 2 ≥ 1 (see Figure 6.23), which is
also always safisfied for analogous reasons. For the involution f9 we
can find a curve c such that c and f9(c) form a type 1 standard pair
if 2h + 1 ≥ 1 (see Figure 6.24). This is always satisfied. This completes
the proof of Theorem 1.3. 
Proof of Theorem 1.4. The involution normally generatingM(Ng) will
be a variant of f4 with k+ = 0, which can be realised as a rotation by
pi of an orientable surface of genus (k− + r − 2)/2 with h 2-orbits blown
up and k− isolated fixed points blown up. We will denote it by f .
By Theorems 1.3 and 2.3 the normal closure of f contains the twist
subgroup T (Ng). In order to apply Theorem 2.4 to show that f does
not lie in the twist subgroup, we calculate the action of the induced
map f∗ on the homology group H1(Ng;R).
Figure 7.29. Involution f with standard base for H1(Ng;R).
The action is
ai ↦ − ai − 2 k−∑
j=2idj, i = 1, ..., ⌈k−/2⌉ − 1
ai ↦ − ai, i = ⌈k−/2⌉, ..., l
bi ↦ − bi − 2(d2i−1 + d2i), i = 1, ..., ⌈k−/2⌉
bi ↦ − bi, i = ⌈k−/2⌉ + 1, ..., l
ci ↦ci+h, i = 1, ..., h − 1
ch ↦ − 2h−1∑
i=1 ci − k−∑j=1dj
ci+h ↦ci, i = 1, ..., h − 1
dj ↦dj, j = 1, ..., k− − 1
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The determinant of F∗ is equal to (−1)h. By Theorem 2.4 f ∉ T (Ng)
if h is odd. For Ng we can construct f to have any chosen h ≥ 1 by ad-
justing r and k− according to the Hurwitz-Riemann formula, including
any odd h. This completes the proof of Theorem 1.4. 
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